Abstract.
, [5] ) of the form Dy=f(x,y(x))Dg where Dg is the distributional derivative of the right continuous real function g of bounded variation. In this paper existence and extension of solutions are treated.
For a measurable space (A', Jl), ca(X, M) will denote, as in Dunford and Schwartz [2, p. 240] , the space of all countably additive scalar (real or complex) functions (briefly, real measures or complex measures) on Jt. (Note that real measures form a subclass of the complex ones, while positive measures do not do so since they include -co as an admissible value.) ca(Ar, Jl) is a Banach space where norm ||A|| is the total variation of A on X (see Dunford and Schwartz [2, p. 161] ). The total variation measure of a measure A will be denoted by |A|.
1. Existence and uniqueness of solutions. Let A' be a linear space over the field J5" where J^" is the set R of real numbers or the set C of complex numbers. For each xeX, define Sx = {ax:-oo < a < 1}, Sx = {ax: -oo < a <1 1} ifJ^ = Ä;
and Sa! = {a;c:0< |a| < 1}, Sx = {ax:0 ^ |a| ^ 1} ifJ^ = C.
Let ^# be a <r-algebra in X containing the sets Sx for all xeX. Let,« be a positive (T-finite measure or a complex measure on Jt'. Let / be a scalar function defined on S% x Q.a where £eA" and Oa = {a:|a|<a}.
Assume that f(x, A(SX)) is /¿-integrable on S^ for each Aeca(S|, Jt¡ŵ here^ = {EeJ¿:E^ Sf}.
Consider the equation
where JA/í/,« denotes the Radon-Nikodym derivative of A with respect to pt. Definition 1. Let a0e£2a, x0eSç, SXt¡c X0eJ/. and let J/0 be the smallest cr-algebra in X0 containing Sx -Sx and the sets Sx for xeX0-Sx (obviously Jt^Jt^). A measure Aeca(A^0, ^#0) will be called a solution of (*) on XQ with initial data [SX(¡, a0] if and therefore
We can therefore choose a real number r such that
where L is a Lipschitz constant for/on 5rx x Qa. It follows from condition Then A is a solution of (*) on the set Xx such that A(SXo)=cn0. We shall call A the continuation of A0 to Xv We thus extend the solution A0 to Ar1. By repeating this process we arrive at a maximal set over which A0 is defined. Remark.
In the special case considered above Theorem 1 reduces to a well-known local existence and uniqueness theorem for ordinary differential equations.
(B) Let X=R, SP=R and [i=pig where pig is the Lebesgue-Stieltjes measure induced by a right continuous function g of bounded variation. In this case the equation (*) takes the form (3.6) dX/dfig= fix, XU-oo, x])).
Consider the equation (3.7) Dy=fix,yix))Dg where Dg denotes the distributional derivative of g. The equation (3.7) is in fact equivalent (see [1] , and also [4] , [5] ) to (3) (4) (5) (6) (7) (8) yix) = yix0) + Í fis, v(s)) dg.
By a solution y of (3.7) with initial condition j(x0) = a0 is meant a right continuous function^ of bounded variation such that;; satisfies (3.8) and and j(x0) = a0.
We shall prove the following:
Theorem 2(B). To each solution y of (3.7) with initial condition yix0)= <x0, there corresponds a solution X o/(3.6) such that A((-co, x0]) = a0, and vice versa.
Proof.
Let y0 be a solution of (3.7) on [x0, x,] with initial condition y0ix0)=a0. Extend y0 on (-co, x0) by defining j0(x)=0 for xe(-co, x0). Let J/0 be the cr-algebra containing {x0} and the intervals (-co, x] for xe[x0, xj. Let XVg be the restriction to ^#0 of the Lebesgue-Stieltjes measure on (-co, Xj] induced by y0. Then 
